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9.1  Introduction 
In an optical communication system using wavelength division multiplex-
ing (WDM), information is transmitted over several “channels”, each at 
a different optical wavelength λi (or optical carrier frequency fi). An inter-
leaver, also known as a slicer, is an optical filter having at least one input 
and two complementary outputs, with an optical transfer function that is 
periodic in frequency. In this way, for example, even-numbered optical 
channels can be routed to one output port while the odd-numbered chan-
nels will emerge from the other output port, as illustrated in Fig. 9.1. Such 
an interleaver can also be used the other way round, i. e. for combining two 
“combs” of optical channels, one shifted by half a channel spacing with 
respect to the other, into a single comb with half the channel spacing. 
Besides the basic 1 × 2 interleaver function illustrated in Fig. 9.1, more 
complicated configurations may be used, as shown in Fig. 9.2. 
In principle, any optical (de)multiplexer having a periodic response with 
frequency may be used as an interleaver, for example arrayed waveguide 
gratings (AWG, cf. Chap. 4), Fabry–Perot resonators (Chap. 6) or ring 
resonators (Chap. 8). An overview of interleaver technology with an em-
phasis on bulk crystal optics is given by Cao et al. [1]. Interleavers that are 
applied in optical telecommunications should have a frequency-periodic 
 
Fig. 9.1. Basic operation of an 1 × 2 interleaver as a frequency demultiplexer 
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response, because the ITU grid specifying the optical channels defines 
a set of equidistant optical frequencies (cf. Appendix, Sect. A.1). Despite 
this, these devices are sometimes referred to as wavelength slicers or 
wavelength interleavers. (If an interleaver is periodic in frequency it will 
not be strictly periodic in wavelength since λ = c/f, with c the vacuum 
speed of light.) If needed, however, strictly wavelength periodic interleav-
ers can be designed [2]. 
The main applications of interleavers are in wavelength routing, 
(de)multiplexing, and pre-filtering. In the latter application, the interleaver 
is used as a first filtering stage which should have a transfer function ap-
proximating a rectangular shape as much as possible. The optical channels 
at its output ports still have the same bandwidth as before, but they are 
separated farther apart, thus making further routing or filtering operations 
less demanding. As an example, Fig. 9.3 shows the application of an inter-
leaver for upgrading existing network nodes with 100 GHz channel spac-
ing to ones with 50 GHz channel spacing. An additional advantage of inte-
grating an interleaver with an AWG is the possibility of improving the 
AWG passband shape [3]. 
Figure 9.4 shows how a full demultiplexer can be built by cascading inter-
leavers, in a binary tree structure, each stage having twice the free spectral 
 
Fig. 9.2. Some examples of other interleaver configurations 
 
Fig. 9.3. 50/100 GHz interleaver as last-stage multiplexer and first-stage demulti-
plexer, combined with 100 GHz arrayed waveguide grating (AWG) (de)multiplexers to 
form a 50 GHz channel spacing system 
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range (the period of the frequency response) as the preceding one, e. g. [4]. 
Finally, Fig. 9.5 illustrates the principle of an add-drop multiplexer built 
from two partial binary trees [5]. 
The obvious choice of a physical principle for implementing interleavers is 
interference, since this phenomenon has an inherently frequency-periodic 
nature. The interleaver operation can be demonstrated using an asymmetric 
Mach–Zehnder interferometer (MZI). 
The MZI is one of the most important building blocks in (integrated) op-
tics. It is widely applied for such functions as switching, routing, and modu-
lating optical signals, and it is a basic structure for many optical sensors. 
A schematic drawing of an MZI is shown in Fig. 9.6. Although MZI’s can be 
implemented in several ways (e. g. with beam splitters and mirrors in free-
space; using crystal optics; or in optical fibres), here we consider a structure 
based on planar optical waveguides. It consists of two 3-dB couplers con-
nected by two single-mode optical channel waveguides, where the signal in 
one path experiences a phase delay of ∆ϕ with respect to the other. 
The couplers, which can be for example directional couplers, split the 
optical input power entering one of its input channels into two equal power 
output signals (each 50% or −3 dB of the input power), having 90° optical 
phase difference. For symmetry reasons, a signal in the other input would 
lead to two equal output signals having −90° phase difference. Since the 
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Fig. 9.4. Full binary tree 8-channel demultiplexer based on cascaded 1 × 2 interleavers. 
Eight channels with 50 GHz optical carrier frequency spacing are assumed, numbered 
1–8. The numbers 100, 200, 400, written in the interleaver symbols of this example 
indicate the free spectral range (the frequency period in GHz) of these components, 
resulting in a 50 GHz input channel spacing 
 
Fig. 9.5. Binary tree cascaded 2 × 2 interleavers organised to form a 1 from 8 add-drop 
multiplexer 
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coupler is reciprocal, two equal power coherent input signals with 90° 
phase difference would combine into a single output signal at one output 
channel, while −90° phase difference would direct all power to the other 
output channel. With two in-phase coherent input signals, each output 
channel would carry half of the total available power. Hence, it is obvious 
that the phase difference determines the power distribution over the output 
channels. It can be shown that the signals at the output ports of the MZI 
are related to those at the input ports as 
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 (9.1) 
where Pi is the signal power in port i, as indicated in Fig. 9.6. 
The phase difference ∆ϕ can be caused by a differential propagation de-
lay in the interferometer arms due to a length difference ∆L between the 
arms, as illustrated in Fig. 9.6b, 
 
2
effL f n Lc
πϕ β∆ = ∆ = ∆  (9.2) 
where β is the propagation constant of the mode in the delay section, f is the 
frequency of the wave, neff is the effective refractive index of the waveguide 
mode, and c is the speed of light in vacuum. If the dispersion is neglected 
(neff is assumed to be constant), the phase difference is proportional to both 
the frequency f and the delay length ∆L. Combining (9.1) and (9.2), the 
power transfer from port 1 to ports 3 and 4 as a function of f is depicted in 
Fig. 9.7. The free spectral range (FSR), which is the period ∆fFSR in the fre-
quency response is given by 
 FSR
eff
cf
n L
∆ = ∆  (9.3) 
Figure 9.7 shows that a comb of optical signal frequencies with a spac-
ing of ∆f = ∆fFSR /2 may be split into two combs, each having the double 
frequency spacing. 
 
   (a)       (b) 
Fig. 9.6. Mach–Zehnder interferometer (MZI). (a) Basic structure. (b) Asymmetric MZI 
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(a)   (b) 
Fig. 9.7. Normalised power transfer functions of an asymmetric MZI; the solid curve 
indicates P3/P1, while the dashed curve indicates P4/P1. (a) Linear power scale; 
(b) logarithmic scale. The grey vertical bars indicate the optical signal channels which 
are routed from port 1 alternately to ports 3 and 4 (de-interleaving) 
As may be obvious from Fig. 9.7, an MZI does not have an ideal rectan-
gular-shaped transfer function. It does not provide sufficient tolerance for 
wavelength deviations, laser linewidth and modulation bandwidth, which 
should typically be about 40% of the grid spacing. Especially the suppres-
sion of unwanted channels is critical (25 dB is a common requirement, 
leading to a useful bandwidth of only 8% of the channel spacing for an 
MZI, see the narrow channel bars in Fig. 9.7). 
One method for improving the transfer function comes from the obser-
vation that a periodic function with “arbitrary” shape can be composed like 
a Fourier series, from a set of harmonically related sinusoidal functions 
which are added together with appropriate amplitude and phase. Fig-
ure 9.8a shows the conceptual picture, where multiple delayed copies of 
the input signal are combined into a weighted sum. For a periodic filter 
response, the delays τi should be integer multiples of the unit delay τ1 de-
fining the FSR. 
  
 (a) (b) 
Fig. 9.8. Composite filters. (a) Multiple parallel weighted delay-line paths; for a Fou-
rier-type synthesis, all τi should be an integer multiple of the smallest delay, τ1. 
(b) Equivalent lattice filter, with τ = τ1 
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For approximating a “rectangular” filter transfer function only odd mul-
tiples of τ1 are needed. The weighting constants Ci are the Fourier coeffi-
cients. Since it turns out to be rather difficult to realise low loss multiport 
optical splitters and combiners, the equivalent approach shown in 
Fig. 9.8b, requiring only 2 × 2-type couplers is preferred. This type of 
structure is known as a lattice filter or resonant coupler. The equivalence 
with the parallel delay line filter may be intuitively understood by consid-
ering all possible paths that an optical signal can take through the lattice. 
The output signal can then be written as the sum of a number of terms, 
each involving an integer (0, 1, .. n) multiple of the unit delay τ. A possible 
implementation, illustrated in Fig. 9.9, is by concatenation of MZI-like 
elements, using couplers with specific (non 50-50) power coupling ratios 
κi. In addition to the fixed path length differences ∆Lj generating the fre-
quency-periodic response, in general also tuneable phase-shifters ∆ϕk are 
implemented in each MZI-section for fine-tuning purposes. Several design 
methods have been discussed in the literature, e. g. [2, 6–14]. This type of 
interleaver is analysed in detail in Sect. 9.3.1. 
 
Fig. 9.9. Band flattening: lattice-type filter of concatenated MZI-like structures. The 
double delay length sections (2∆L) arise from combining two sections where the cou-
pling ratio κ turned out to be zero in this example (see fifth-order interleaver design 
example at the end of Sect. 9.3.1) 
Another method is based on manipulating the phase response in one of 
the MZI branches in a periodic and nonlinear way, so that the phase 
change due to the length difference ∆L is approximately compensated near 
the passband and stopband centres (flattening the frequency response 
there), while the phase will change quickly near the band edges, sharpen-
ing the transfer function there. An example is shown in Fig. 9.10, where 
a ring resonator coupled to one of the branches acts as an allpass filter 
having a strongly nonlinear phase response with a frequency period equal 
to half the FSR of the MZI. Again, some fine-tuning facilities ∆ϕk are gen-
erally needed. An analysis is given in Sect. 9.3.2. Several architectures and 
design methods for interleavers incorporating both lattice-type structures 
and ring resonators or other feedback elements have been described in the 
literature, e. g. general design strategies and overviews [15–19], a generic 
design algorithm [20], and various more specific design topics [21–25]. 
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Fig. 9.10. Band flattening: MZI with internal phase response modified by a ring re-
sonator 
Signal transmission through an optical filter may be affected by disper-
sion, which tends to distort the pulse shape and hence may cause an in-
creased bit error rate. In some cases it is possible to build an interleaver from 
two complementary sections having inverse phase responses, thus realising 
an overall response with negligible dispersion. A general discussion of dis-
persion of different interleaver types is given in [26]. The dispersion charac-
teristics of both lattice-type and MZI + ring-type interleaving filters, as well 
as possible compensation techniques will be discussed in Sect. 9.4. 
As indicated before, interleavers can be cascaded in order to build full 
(de)multiplexers and add-drop multiplexers. Here, the application of planar 
optical waveguide technology pays off, because it enables the integration 
of many stages into a single planar optical circuit. The different require-
ments for the consecutive stages will be discussed in Sect. 9.5 where the 
design and realisation of a tuneable 1 from 16 add-drop multiplexer will be 
explained as an example. 
Finally, in Sect. 9.6, an overview will be given of technologies that have 
been used for fabricating interleaver-circuits, and examples will be given, 
including bulk optics, fibre-based implementations, and planar guided wave 
optics. Also, the characteristics of some commercially available interleav-
ers, based on bulk optics, fibre optics, and integrated optics will be shown. 
9.2  Basic Mach–Zehnder Interferometer Interleavers 
The basic lay-out of a Mach–Zehnder interferometer- (MZI-) based inter-
leaver is shown in Fig. 9.6b, and its power transfer function is given in 
Fig. 9.7. The MZI can be considered as a concatenation of three building 
blocks, the input directional coupler, a differential delay section, and the 
output coupler. Although the MZI is a relatively simple device that does not 
require a specific approach for analysis, we will use it for demonstrating 
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a general approach that is applicable to a large class of periodic frequency 
response filters that would be difficult to analyse otherwise. 
Following the approach of Madsen and Zhao [27], this section will start 
with a short summary of the main analytical tool for analysing filters that 
have a periodic frequency response, the Z-transform [28] and its relation 
with the traditional transfer function. The MZI is a four-port device, and so 
are the lattice-type filters that will be discussed in later sections. Therefore, 
a brief review will be given of the transfer matrix, describing a four-port 
network. Next, the optical properties of the basic building blocks of an 
MZI, waveguides and directional couplers, will be summarised. The prop-
erties of an MZI interleaver then follow from putting all the pieces to-
gether. Although a simple MZI does not have the most desirable inter-
leaver properties, it serves well as a building block for composite 
interleaver filters, and the mathematical analysis of this relatively simple 
device is easily extended to the more interesting higher-order interleavers 
to be discussed in following sections. 
9.2.1  The Transfer Function and the Z-Transform 
The type of wavelength slicers to be analysed have a periodic transfer 
function in frequency, which is caused by the periodic phase response of 
a time delay. A lossless straight waveguide section of length L has a trans-
fer function 
 
0i
straight e
effk n LH
−=  (9.4) 
where k0 = 2πf/c. The propagation delay through the waveguide is 
τ = Lneff/c, so that the transfer function (9.4), which just corresponds to 
a time delay, can be written explicitly as a function of frequency 
  
i2
delay ( ) e fH f π τ−=  (9.5) 
which clearly shows the frequency-periodic phase response. In an MZI 
there is only a single effective differential time delay τ, corresponding to 
a frequency period ∆f = 1/τ. In the lattice filters and MZI + ring structures 
to be discussed later, there are multiple delays, which, however, are all 
integer multiples of an elementary delay τ0. It then makes sense to intro-
duce a normalised frequency f ′ 
 0'f fτ=  (9.6) 
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which allows us to write (9.5) as 
  
i2 '
delay' ( ') e fH f π−=  (9.7) 
The Z-Transform 
If we now introduce a new complex variable z 
 
i2 'e fz π=  (9.8) 
(9.7) can be written as 
 
1
delay ( )H z z−=  (9.9) 
The usefulness of this new variable is given by the property that the 
transfer function of n times the unit delay is simply z–n , which greatly sim-
plifies the transfer functions of more complicated periodic filters, which 
can be expressed as rational functions in z–1. 
The mapping (9.8) of f (or f ′) to the complex z-plane is known as the Z-
transform, which is widely used in digital filter design. It can be consid-
ered as an analytic extension of the discrete-time Fourier transform 
(DTFT) for discrete signals [27]. The complex quantity z takes values on 
the unit circle, starting at z = 1 and making a full turn around the origin as 
f ′ varies from 0 to 1. 
From a given transfer function H(z) in the z-domain – also known as the 
system function – the frequency response is found by evaluating H(z) on 
the unit circle in the z-plane, i. e. z = ei2πf ′. 
The transfer function can be written as a ratio of Mth- and Nth-order poly-
nomials, or in an equivalent product form, e. g. [29], explicitly showing the 
zeros zm and poles pn of H(z), 
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H z z
b z z p
−
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−
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−
= = Γ
+ −
∑ ∏
∑ ∏
 (9.10) 
where Γ is the gain. The transfer function of a passive filter can never be 
greater than one, implying a maximum value of Γ that is determined by 
max(|H(z)|z=e2pf ′) = 1. Since the real frequency transfer function is found for 
z = ei2πf ′, only zeros that occur on the unit circle will correspond to zero 
transmission at the frequency corresponding to the argument of that zero. 
A convenient graphical way to represent the transfer function is the 
pole-zero diagram. It shows the locations of each pole and zero in the 
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complex plane. All zeros are designated by ‘o’ and a pole is marked by ‘x’. 
An example of a pole-zero diagram is depicted in Fig. 9.13 in Sect. 9.2.4. 
A filter that has only zeros in its transfer function has only feed-forward 
paths and is classified as a finite impulse response (FIR) or moving aver-
age (MA) filter. Filters containing feed-back paths will have at least one 
pole in their transfer function, and are classified as infinite impulse re-
sponse (IIR) filters. Sub-types of IIR filters contain either only poles (auto-
regressive (AR) filters), or both, poles and zeros (autoregressive moving 
average (ARMA) filters). 
The Frequency Response 
The frequency response function H(f) is a complex function of f. It is usu-
ally expressed in terms of its magnitude |H(f)| and phase ϕ(f) 
 
i ( )( ) ( ) e fH f H f ϕ=  (9.11) 
Of course, the overall transfer function of a series connection of M 
transfer functions Hi is given by the product ΠHi, implying a multiplica-
tion of magnitude responses |Hi(f)| and summation of phase responses ϕi(f). 
Since H(f) is obtained by evaluating H(z–1) on the unit circle, the square 
of the magnitude response can be found as follows – if the coefficients of 
the transfer function are real [30] 
 
i 2 '
2 * 1
e
( ) ( ) ( ) ( ) ( ) ( ) ( )
fz
H f H f H f H f H f H z H z π
−
== = − =  (9.12) 
where H′ denotes the complex conjugate of H. Equation (9.12) implies that 
reciprocal zeros, which are mirror images of each other about the unit cir-
cle, have identical magnitude characteristics. Based on the pole-zero repre-
sentation (9.10) of H(z), only the distance of each pole and zero from the 
unit circle, i. e. | ei2πf ′ – pn | or | ei2πf ′ − zm |, affects the magnitude response. 
It can be shown that zeros zm, *mz , 1/zm and *1/ mz  all have the same magni-
tude response. However, their phase characteristics will be different, de-
pending on zm being inside or outside the unit circle in the z-plane. A sys-
tem with all zeros – and all poles as well – inside the unit circle (|zm| < 1) 
has a so-called minimum-phase response (cf. Chap. 2) while all other sys-
tems (e. g. with one ore more zeros outside the unit circle) have a non-
minimum phase response. 
Four-port Networks 
A basic 2 × 2 four-port device without reflection is schematically shown in 
Fig. 9.11. Its behaviour is conveniently described in terms of a transfer 
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matrix relating the signals at its two output ports to those at the input ports, 
as given in (9.13), 
 
1 1 11 12 1
21 222 2 2
E E H H E
H HE E E
     ′  = =      ′           
H  (9.13) 
where the complex transfer matrix H contains two so-called bar transfer 
functions (H11 and H22) and two cross transfer functions (H12 and H21). 
If several such four-port devices, having transfer matrices H1, H2, ..., Hn-1, 
Hn are concatenated, the transfer matrix Htot of the composite device is sim-
ply found by matrix multiplication, as 
 1 2 1tot n n−= ⋅ ⋅ ⋅H H H H H  (9.14) 
9.2.2  Differential Delay Section 
The delay section of an MZI is formed by two independent waveguides 
having different lengths L1 and L2, respectively (we assume L1 > L2). Al-
though we assume almost identical branches (regarding phase constant 
β(f) = k0 neff and attenuation coefficient α of the – single – guided mode), in 
order to model e. g. thermo-optic tuning, we do allow for a small deviation 
from the average effective index neff, leading to an additional tuning phase 
delay ϕ t (indicated as ∆ϕk in Fig. 9.9) in branch 1 with respect to branch 2. 
The transfer matrix of the delay section is then given by 
 
0 11
0 22
i ( ) i
delay i ( )
e e e 0
0 e e
eff t
eff
k n f LL
k n f LL
ϕα
α
− −−
−−
  =   
H  (9.15) 
The differential delay τ is given as 
 
1 2
FSR
( )1 g gL L n L n
f c c
τ − ∆= = =∆  (9.16) 
 
Fig. 9.11. Schematic drawing of the transfer functions in a 2 × 2 port without reflection 
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where ∆fFSR is the FSR, defined in (9.3), ∆L is the path length difference, 
and ng is the group index defined as 
 
eff
g eff
n
n n f
f
∂= + ∂  (9.17) 
Taking branch 2 as a reference, the transfer matrix can be written in 
terms of τ, 
 
( ) 2
2
ii2
i
delay
e e 0
e
0 1
tff L L
L
ϕπ τβ ηη
−−− ∆ =    
H  (9.18) 
where ηL2 = e–αL2 is the loss along the path L2 and η∆L = e–α∆L is the differen-
tial loss due to the path length difference ∆L. Applying the frequency nor-
malisation with respect to the free spectral range as mentioned in the pre-
vious section, and applying the Z-transform, we arrive at 
 
( ) 2
2
i1
i
delay
e 0
e
0 1
tf L L
L
z ϕβ ηη
−−− ∆ =    
H  (9.19) 
In the remainder of this chapter we will omit the factor 2
2
ie LL
βη − , since 
it indicates just a constant loss and a linear phase. Furthermore, we intro-
duce a new variable Z, defined by 
 
i1 1e tLZ z
ϕη −− −∆=  (9.20) 
so that Z = z in the lossless case and without additional tuning phase shift. 
In general, for f ′ varying from 0 to 1, Z will take values on a circle centred 
in the complex plane, with a radius η∆L ≤ 1, and starting with an argument 
offset ϕ t at f ′ = 0. The simplified transfer matrix for a differential delay 
becomes 
 
1
delay
0
0 1
Z − ≅    
H . (9.21) 
9.2.3  Directional Coupler 
Couplers are among the most elementary building blocks in planar 
lightwave circuits, performing the functions of splitting and combining 
guided optical waves. (Another variant are fibre couplers, which are 
widely used in fibre optics.) 
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Fig. 9.12. Schematic top view of the directional coupler 
Directional couplers (DC’s) consist of two optical waveguides in close 
proximity to each other, see Fig. 9.12. Light will be coupled by the eva-
nescent field of the mode, and power will be exchanged between the 
waveguides. The energy transfer process is similar to two mechanical pen-
dulums that are weakly coupled by a spring. The two single-mode 
waveguides are usually chosen to be very close to each other in order to 
obtain a short coupling length. 
One of the most convenient ways to understand the operation of a DC is 
by considering the two parallel waveguides as a single system, which sup-
ports two system modes. The modes of the input and output channels are 
decomposed into these system modes, and the power exchange between 
the separate waveguides can be simply described as an interference phe-
nomenon of the system modes. It can easily be shown that the field ampli-
tudes at the output channels, E3 and E4 are related to those at the input 
channels, E1 and E2 as 
 
3 1
4 2
cos i sin
i sin cos
E E
E E
ψ ψ
ψ ψ
−    =    −    
 (9.22) 
where the parameter ψ is given as 
 DC
efff n L
c
πψ ∆=  (9.23) 
where ∆neff is the difference in effective index of the two system modes, 
and LDC is the effective length of the coupling secton, as indicated in 
Fig. 9.12. 
The coupling length Lπ is the propagation distance giving π phase dif-
ference between the system modes 
 2 eff
cL
f nπ = ∆  (9.24) 
Arbitrary power splitting ratios can be obtained by simply choosing 
a length LDC between 0 and Lπ. The power is split equally over the output 
channels if the length of the coupler is half the coupling length. Equation 
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(9.25) gives a shorthand notation for the transfer matrix of a DC (as de-
fined in (9.22)), 
 DC
i
i
C S
H
S C
− =  − 
 (9.25) 
with 
 cos( ) 1C ψ κ= = −  
 i isin( ) iS ψ κ− = − = −  (9.26) 
where C is the bar transfer function, and –i S is the cross transfer function; 
ψ is equal to the coupling strength integrated over the length and κ is the 
power coupling ratio. Coupling does not only occur in the straight 
waveguides. It occurs already in the leads and the total phase is the sum of 
the phase in the straight waveguides and the leads. 
9.2.4  Mach–Zehnder Interferometer Interleaver 
The transfer matrix of the MZI can be calculated by simple multiplication 
of the transfer matrices of the type (9.19) and (9.25) of its component de-
vices: input coupler, delay section, and output coupler. 
 
2 1MZI DC delay DC=H H H H  (9.27) 
Using the simplified delay transfer matrix (9.21), the MZI transfer ma-
trix is found to be: 
 
11 12
MZI
21 22
1 1
1 2 1 2 1 2 1 2
1 1
1 2 1 2 1 2 1 2
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
i( )
i( )
R
R
H z H z A z B z
H z H z B z A z
S S C C Z C S S C Z
S C C S Z C C S S Z
− −
− −
  = = =       
 − + − +=   − + − 
H
 (9.28) 
The two polynomials in the left-hand column, called the forward poly-
nomials, are labelled A(z) for the bar transfer and B(z) for the cross trans-
fer, respectively. The two polynomials in the second column, called the 
reverse polynomials, are labelled BR(z) and AR(z), respectively. These re-
verse polynomials appear in the Z-transform description of many optical 
filters. 
Note that the coefficients of the polynomial AR = H22 are in reverse order 
compared to those of A = H11. The same holds for BR and B (H12 and H21). 
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This symmetry property allows calculating H22 and H21 if H11 and H12 are 
known. The transfer matrix can also be written in terms of the roots of the 
polynomials as follows: 
1 11 2 1 2
1 2 1 2
1 2 1 2
MZI
1 11 2 1 2
1 2 1 2
1 2 1 2
i
i
C C S C
S S Z Z C S Z Z
S S C S
C S S S
S C Z Z C C Z Z
S C C C
− −
− −
  −   − − − −          =   −    − − − −          
H  (9.29) 
The bar transfer A(z), for example, has a zero for Z = C1C2/(S1S2), or, us-
ing (9.20), i 1 2 1 2e /( )tLz C C S Sϕη −∆=  and a pole at the origin (z = 0). A way 
to get insight into the polynomials is to plot all the poles and zeros in the 
complex z-plane, see Fig. 9.13. Their position in the z-plane depends on 
the coupling ratios and the tuning phase ϕ t. The zeros always lie on the 
real axis when ϕ t = 0. The transfer is zero if z is equal to a zero point and 
would be infinite if equal to a pole. 
Since passive devices never have an infinite transfer, possible poles will 
never occur on the unit circle z = ei2πf ′. An MZI transfer function, having 
a single pole at the centre, clearly satisfies this condition. The behaviour of 
a filter over its free spectral range can be investigated by evaluating its 
transfer matrix for all values of z encountered by travelling once around 
the unit circle. The transfer goes to zero if z crosses zero on the unit circle. 
However, a zero can also lie inside or outside the circle, see for example 
Fig. 9.17a. The closer z (on the unit circle) gets to a zero the lower the 
transfer is. Two zeros at mirrored positions with respect to the unit circle 
(zm and *1/ mz ) will give the same amplitude transfer but a different phase 
transfer. The bar transfer (H11 and H22) will have a zero on the unit circle, 
only if κ1 = 1 – κ2, and the cross transfer (H12 and H21) needs κ1 = κ2 to 
have a zero on the unit circle. With κ1 = κ2 = 0.5, both the bar and the cross 
 
Fig. 9.13. Pole-zero diagram showing the zeros of the bar and cross transfer of the 
ideal MZI (lossless; perfect 3-dB couplers; no additional phase shift ϕ t) 
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transfer functions have a zero on the unit circle as shown in Fig. 9.13. 
When the two couplers are identical the matrix reduces to 
 
2 2 1 1
MZI 1 2 2 1
22 1 1
2
21 2 1
2
i (1 )
i (1 )
( ) i ( 1)
i ( 1) ( )
S C Z S C Z
S C Z C S Z
CS Z Z S C Z Z
S
SS C Z Z C Z Z
C
− −
− −
− −
− −
 − + − += =  − + − 
 − − − +  =  − + − −  
H
 (9.30) 
This matrix shows that H12(z) and H21(z) will always have a zero on the 
unit circle, but H11(z) and H22(z) will also have a zero on the unit circle 
only, if κ1 = κ2 = 0.5. This means that it is much easier to have complete 
isolation at the cross port than at the bar port. 
For this case of two perfect 3 dB couplers where 1/ 2C S= =  (cf. 
(9.26)), the complete frequency response (optical power transfer) is found 
from (9.30) by substituting (9.20), (9.8) and (9.6) to be 
 ( )2 2 2211 22 2 1( ) ( ) sin 12 2 4tL LfH f H f ϕπ τη η∆ ∆ = = + + −    (9.31) 
for the bar transfer and 
 ( )2 2 2212 21 2 1( ) ( ) cos 12 2 4tL LfH f H f ϕπ τη η∆ ∆ = = + + −    (9.32) 
for the cross transfer. The lossless filter (η∆L = 1) satisfies the simple condi-
tion |H11(z)|2 + |H21(z)|2 = 1, which is obvious from power conservation. 
Figure 9.14 shows the frequency response of the MZI filter for several 
values of the differential loss. Note that the filter curve has a very narrow 
stopband. The width of the stopband at –25 dB is only 4% of the FSR. 
The phase response of the bar transfer of the non-ideal MZI with identi-
cal directional couplers, from (9.30), is 
 ( ) ( )
( )
2
21
2
2
sin 2 '
' tan
1 cos 2 '
L t
L t
C f
Sf
C f
S
η π ϕ
ϕ
η π ϕ
∆−
∆
 +  =  − +  
 (9.33) 
The non-linear frequency dependence of the phase response leads to 
a frequency-dependent group delay and dispersion as will be explained in 
Sect. 9.4. 
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Fig. 9.14. Magnitude response for the Mach–Zehnder interferometer filter with differ-
ential loss of 0, 0.5, and 1 dB, respectively; tuning phase ϕ t = 0, and coupling constants κ1 = κ2 = 0.5 
9.3  Higher Order Interleavers 
9.3.1  Finite Impulse Response Filters: The Resonant 
Coupler Approach 
The disadvantage of the MZI filter is that its transfer function is sine- 
shaped. This results in a very narrow stopband. For example, if 25 dB iso-
lation is required, the stopband width is only 8% of the channel spacing, so 
that 92% of the available spectrum must remain unused. Although the 
ideal rectangular-shaped filter transfer function, which would allow 100% 
spectrum use, cannot be realized for reasons of causality, several ap-
proaches are known from the literature, e. g. [31], for improving the simple 
MZI filter. One of them involves resonant couplers (RC, also called multi-
stage moving average filters or lattice filters) [32, 33]. These filters can be 
implemented by cascading single MZI’s, as shown in Fig. 9.15. Here 
a 2-stage filter is shown, consisting of 2 delay lines and 3 couplers. This 
concept can be extended to more stages. An N-stage filter has N delay lines 
and N + 1 couplers. The filter has 2 inputs and 2 outputs. 
For simplicity the filters are assumed to have no loss. This means that 
the outputs are power complementary (the sum of the output powers is 
100%). The best way to design such a filter is by using the Z-transform 
description and the accompanying zero diagram as described above. One 
can find a synthesis algorithm in the literature, which calculates the power 
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coupling ratios of each DC and the phase of the delay line from these 
polynomials [34, 27]. This is a very important algorithm, since it opens the 
way for using all the design tools for digital filters in order to design 
a desired filter that can then be mapped to a real optical filter layout. Due 
to chip space restrictions and optical losses, it is not possible to make an 
optical filter with a large number of delay lines. For example, a polynomial 
filter of order one hundred, which is very common in digital filters, is not 
(yet) possible. Also, every additional delay line needs an independent tun-
ing element. Therefore it is important to design a filter using as few delay 
lines as possible. 
Filter Demands and Design Strategy 
In order to be useful as interleavers, for example cascaded in a binary tree 
arrangement, the filters must satisfy certain requirements, that can be 
summarised as follows: 
• For interleaver operation, the bar transfer must be equal to the cross 
transfer shifted by half the FSR. This implies that the zero transfer fre-
quencies are shifted by half the FSR compared to the frequencies of 
maximum transfer. The number of local maxima is equal to the number 
of local minima. 
• To use the bandwidth as efficiently as possible, interleavers having 
broad passbands and stopbands are necessary. 
• Low passband loss. 
• Good isolation. It is difficult to fabricate filters having better isolation 
than 25 dB. 
Figure 9.16 summarises the filter synthesis process. There are four gen-
eral steps in the process as described below. 
 
Fig. 9.15. Two stage resonant coupler filter, consisting of three couplers and two delay 
lines. Tuning phase shifts ϕ t,1 and ϕ t,2 might be provided by thermo-optic actuation 
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Fig. 9.16. Passband-flattened filter design synthesis flowchart 
(1) Definition of the filter order 
This first step, (a) in Fig. 9.16, defines the number of zeros, which is equal 
to the order of the filter. The maximum number of zeros will be limited by 
the fabrication accuracy and available space. Generally, the larger the or-
der, the better a desired transfer function (e. g. a rectangular shape) can be 
approximated. The filter shape is adjusted by carefully locating the zeros 
in the complex z-plane. A zero placed on the unit circle will create a zero 
transfer (absolute minimum) and thus contributes to a stopband. Local 
maxima will arise between two adjacent zeros in the stopband. A zero in-
side or outside the unit circle will create a local minimum and, in the cases 
of practical interest, two surrounding local maxima. The overall effect can 
be a flattening of the passband if the zero is not positioned too close to the 
circle, so that the local minimum is shallow and only a small ripple re-
mains. Due to the required symmetry of the passband and stopband of an 
interleaver, the number of passband maxima should equal the number of 
stopband zeros. This leads to the requirement of having one fewer zero in 
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the passband than in the stopband, implying that the total filter order 
should be odd. 
(2) Generation of the cross port transfer function 
This step is represented by (b)-(d) of Fig. 9.16. To generate the cross trans-
fer function, the zeros on the unit circle are positioned first. These zeros 
give zero intensity transfer at their normalised frequencies and thus define 
the stopband width. There are side-lobes between each pair of zeros in the 
stopband. Increasing the distance between the zeros leads to a broader 
stopband but also to a higher side-lobe level. Hence, for a given number of 
zeros on the unit circle, there is a trade-off between isolation and stopband 
width. A common requirement is to have the maximum side lobe level at 
≤ –25 dB. 
Next the passband shaping zeros are positioned inside or outside the cir-
cle. These zeros will create local minima at their corresponding positions 
and two surrounding local maxima. They should be positioned so that the 
passband becomes a half FSR shifted mirror image of the stopband with 
respect to the 50% power transmission level. 
Adopting the formalism with A and B polynomials as introduced in 
(9.28), and applying (9.12), the magnitude squared of a cross transfer func-
tion, B(z), with real coefficients is 
 
i 2
2 1
e
( ) ( ) ( )
fz
B z B z B z π ′
−
==  (9.34) 
while the transfer function can be written in terms of its roots as 
 
1
1( ) (1 )
M
m mB z z z
−== Γ −Π  (9.35) 
Substituting the unity zeros into (9.35) and applying (9.34), the magni-
tude squared function can be represented in terms of the unknown “pass-
band” zeros and gain Г. The locations of the maxima are given by the ze-
ros of the derivative of (9.34) with respect to the normalised angular 
frequency f ′. Since these zeros of the derivative are independent of the 
unknown constant Γ, the locations of the “passband zeros” can be deter-
mined from (9.34) and (9.35) 
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i 2
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1
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 − − =   ∏  (9.36) 
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Finally, the transfer function (9.35) should be normalised to one, be-
cause the transmission of a passive device such as this Mach–Zehnder 
interferometer cannot exceed one. This procedure, which fixes Γ, is given 
by (9.37), 
 ( ) ( )1max max 1z B z Bω ω= = =  (9.37) 
(3) Calculation of the bar port transfer function 
Once the cross transfer function has been obtained, the bar transfer function 
A(z) can be calculated using the power complementary condition, (e) in 
Fig. 9.16. This condition, implying that the sum of the bar and the cross 
power transfer should be one, and assuming real coefficients of the transfer 
functions (allowing the use of (9.12)), provides a relationship between the 
A and B polynomials: 
 
i 2 ' i 2 '
2 1 1
e z=e
( ) ( ) ( ) 1 ( ) ( )
f fz
A f A z A z B z B zπ π
− −
== = −  (9.38) 
The bar transfer function A(z) is obtained by calculating its N zeros from 
(9.38). The 2N zeros of 1 – B(z)B(z–1) appear as pairs of (ak, *1/ ka ) for 
k = 1 ⋅⋅ N. Using spectral factorization, each zero of A(z) is determined by 
selecting one from each pair of zeros of 1 − B(z)B(z–1). There are 2N selec-
tions that can be made to obtain the zeros of A(z). Thus, 2N different ver-
sions of A(z) can be obtained from one known B(z). They have the same 
amplitude response but different phase characteristics. 
(4) Obtaining the optical parameters 
The last step, (f) in Fig. 9.16, is the generation of power coupling ratios 
and phases of each directional coupler and delay line of the filters from the 
bar and cross ports transfer functions. A simulation tool based on an algo-
rithm derived by Jinguji and Kawachi [34] that can map the coefficients of 
the filter transfer function in a z polynomial to the optical parameters is 
used. The algorithm uses recursion equations to calculate the power cou-
pling ratios of each directional coupler and the phase of each delay line. 
Design Examples 
Third order interleaver 
The first logical extension of the (first order) MZI would be a second order 
device with a second zero on the unit circle. As explained before, this extra 
zero can be positioned so as to effect stopband broadening. In order to also 
flatten the passband, an additional zero (z3) is needed, which is located 
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symmetrically with respect to the first two zeros, but at the opposite side of 
the imaginary axis, i. e. on the real axis. 
The zero diagram of this third-order filter is shown in Fig. 9.17a. The 
power transfer is shown in Fig. 9.17c. Here the distance between the two 
zeros z1 and z2 has been chosen so that the maximum of the side lobe is 
−25 dB. Increasing the distance results in a higher side lobe and broader 
stopband. 
 
Fig. 9.17. (a) Zero diagram of the bar transfer A(z) and the intensity transfer for the 
third order lattice filter. It has three zeros, two are on the unit circle (z1, z2) and give 
a zero transfer; the third zero is on the real axis and can be chosen inside (z3) or outside 
( *31/z ) the unit circle. Both give the same amplitude transfer. (The notation r ∠ ϕ gives 
the modulus r and the argument ϕ [in radians] of complex z) (b) Zero diagram of the 
bar transfer A(z) and intensity transfer for the fifth order lattice filter. It has five zeros, 
three are on the unit circle (z3, z4, z5) and give a zero transfer, two zeros are on the 
opposite side of the imaginary axis (z1, z2) and can be chosen independently inside or 
outside the unit circle. Both choices give the same amplitude transfer. This graph must 
be mirrored about the origin to get the bar transfer. (c) Magnitude response for the 1, 2, 
and 3 stage slicer 
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Proper slicer operation requires identical cross and bar amplitude trans-
fer functions, shifted over half the FSR. This condition is satisfied by cor-
rectly positioning the third zero z3. There is still a degree of freedom left, 
since the amplitude transfer does not change if z3 is replaced by 1/z3*. For 
both, the bar and the cross transfer, this zero can then be chosen to lie ei-
ther inside (minimum phase) or outside (non-minimum phase) the unit 
circle, giving in total four possible solutions for this third order filter. 
These four different optical filter implementations have equal amplitude 
transfer but different phase transfer. 
One of the couplers turns out to have κ = 0, which means that this cou-
pler is removed and the two neighbouring delay lines are combined into 
one having the double delay. The three-stage filter is reduced to one hav-
ing two stages. Since the number of tuning elements is equal to the number 
of delay lines this implementation has also one tuning element less. The 
stopband width at –25 dB is 14% of the FSR or 28% of the channel spac-
ing; 72% of the band is unavailable for data transmission. Since the filter is 
power complementary, –25 dB at the stopband can be calculated to corre-
spond to a 0.014 dB ripple in the passband. 
When looking at the four possible filter implementations, it can be seen 
that these four solutions can be split up into two groups where one contains 
mirror implementations of the other. This again shows that such a filter can 
be used both as filter and combiner. The last coupler can have a power 
coupling of either 0.923 or 0.077 (= 1 – 0.923). The implementation with 
power coupling 0.077 is preferable, since it is the shortest coupler, and 
therefore less sensitive to wavelength. 
Fifth order interleaver 
Further improvement of the filter curve can be obtained by adding two more 
zeros to the diagram, as shown in Fig. 9.17b. Three zeros are on the unit 
circle (z3, z4, z5) giving a broader stopband width (24% of the FSR at 
−25 dB). The distance between these zeros is chosen so that the side lobes in 
the stopband are −27 dB. The other two zeros are placed at the opposite side 
of the imaginary axis and not on the unit circle to obtain passband flattening 
(three local maxima). Due to the lower stopband sidelobes, this filter is also 
better passband flattened, and of course the cross and bar transfer shapes are 
equal, but shifted by half the FSR. The two “passband zeros” can be chosen 
individually to be inside or outside the unit circle. This results in four possi-
ble configurations for these two zeros, giving sixteen solutions for the bar 
and the cross functions. Some of the solutions have one coupler with κ = 0 
allowing two neighbouring delay lines to be combined into a single one 
having the double delay. The best solution has two zero length couplers and 
chooses the shortest possible option for the remaining couplers. 
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9.3.2 An Infinite Impulse Response (IIR) Filter: MZI + Ring 
There is a different way to design a passband-flattened interleaver, by 
combining a ring resonator inside an asymmetric MZI [35-37] as shown in 
Fig. 9.18. More complex structures can be found in [38]. The ring intro-
duces a frequency-dependent nonlinear phase shift in one arm, while main-
taining a unity amplitude response. The frequency response of the ring will 
be discussed before going into the details of this interleaver. 
Figure 9.19 shows the ring resonator and a waveguide coupled to that 
ring. Part of the light that propagates through the channel is coupled into 
the ring waveguide and travels through the ring. After one roundtrip, part 
of that light is coupled back into the straight waveguide and the remainder 
continues for a second roundtrip. 
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Fig. 9.18. Mach–Zehnder interferometer plus ring filter 
This process continues until there is a stable solution. Two interrelated 
interference phenomena can be distinguished. First, there is the ring, where 
the total field distribution arises from waves that have made a number of 
roundtrips in the ring. Second, there is the straight waveguide where the 
direct light from the input interferes with waves that couple back from the 
ring. The output intensity is equal to the input if there is no loss. This inter-
ference clearly depends on the wavelength of the light. The roundtrip time 
of light propagating in the ring is τr, but we allow a small deviation in the 
average effective index neff of the ring, providing a phase adjustment ϕ tr. 
The ring is in resonance, and intensity increases in the ring, if the total 
roundtrip phase ϕring = 2π fτr + ϕ tr = 2π m, where m is an integer. 
The light that couples back into the channel is in anti-phase with the 
light from the input and will interfere destructively. The ring is in antireso-
nance when ϕring = π (2m + 1). 
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Introducing i2e rfrz
π τ= , the transfer of the ring can be described by the 
following Z-transform polynomial [Ref. 27, pp. 306] 
 
( ) ii i 1
i i1
ee e
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1 e e
tr
tr t r
tr tr
r
r rr r r r
r r
r r r r r r
c zc z c
H z
c z z c
ϕϕ ϕ
ϕ ϕ
ηη
η η
−− + −
− −−
 − −  = =− −  (9.39) 
where 1r rc κ= − , 2e rrr παη −= , αr is the ring waveguide attenuation coef-
ficient and r is the ring radius. 
We consider the lossless case, where the ring resonator acts as an allpass 
filter producing a non-linearly frequency-dependent phase shift, which is 
given by 
 ( ) ( ) ( )( ) ( )
2
1
2
1 sin 2
tan
2 1 cos 2
r r t r
r
r r r tr
c f
f
c c f
π τ ϕϕ π τ ϕ
−
 − + =  − + +  
 (9.40) 
and is shown in Fig. 9.19b for different values of the modulus of the pole 
location, |zp|. In this lossless case |zp| = cr is found from (9.39). The extreme 
case |zp| = cr = 0 corresponds to a power coupling constant κ = 1, meaning 
that all the light couples from the input into the ring, makes exactly one 
roundtrip, and then couples back completely to the straight waveguide. This 
is equivalent to a single waveguide, which is lengthened by an amount 
equal to the circumference of the ring. As expected, its phase response is 
linear. For |zp| = 0.9 only a small part of the power is coupled into the ring. 
 
Fig. 9.19. (a) 1 × 1 port ring filter; (b) phase response for a lossless ring resonator with 
three different pole locations |zp|, assuming that ϕ tr = π 
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Near resonance a high intensity builds up and the phase changes rapidly in 
a nonlinear fashion. 
This non-linear phase shift can now be used inside the MZI (Fig. 9.18), 
where the ring is connected to the short channel. The time delay (or round-
trip length) of the ring should be exactly twice the differential time delay 
of the MZI (τt), since the periodic nonlinear phase change should occur 
synchronously with the periodic MZI response curve in order for the ring 
to effect passband flattening and stopband broadening. The intensity trans-
fer from port 1 to 3 (bar) and from 1 to 4 (cross) for the MZI + ring is 
given by (9.41) and (9.42) respectively,  
 ( ) ( )2 211 sin 2
f
H f
ϕ ∆=    
 (9.41) 
 ( ) ( )2 212 cos 2
f
H f
ϕ ∆=    
 (9.42) 
where the DC’s of the MZI have both κ = 0.5, and ∆ϕ( f ) = ϕr( f ) − 2π fτt, 
the difference between the phase of the ring-path and the phase of the 
through-path arm of the MZI. The bar transfer |H11( f )| is zero when 
∆ϕ( f ) = 2 mπ, where m is an integer; it is one for ∆ϕ( f ) = (2m + 1)π. Pass-
band flattening can be obtained by tuning the ring to be in anti-phase  
(ϕ tr = π ) at maximum transfer of the MZI. 
Figure 9.20 shows the result obtained by adding the ring, with φtr = π. 
The intensity transfer is passband flattened and stopband broadened. The 
second graph shows the frequency-dependent phase of the two arms of the 
MZI with respect to the short arm of the same MZI without ring. The alter-
nating long-short-dashed line represents the phase of the long arm (the one 
without ring). It has a phase change of 2π in one FSR. The dashed line 
gives the phase of the short branch in the case of 100% coupling to the con-
nected ring. It has a phase change of 4π in one period (τr = 2τ ). The solid 
line shows the phase for κr = 0.82 power coupling to the ring. The phase 
oscillates around the dashed line. There are exactly two periods of oscilla-
tions. The intensity transfer of the filter is now determined by the phase 
difference between the two channels as shown in the last graph. The centres 
of the passband and stopband occur at a phase difference of mπ. The cou-
pling coefficient has been calculated in such a way that near the centre of 
the pass- and stopbands the phase slope of the short branch + ring is equal 
to that of the long branch, resulting in a constant zero (or π) phase differ-
ence between the branches over a large fraction of these bands. As a result 
there is almost no change in the transfer. It is important that this stability 
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occurs at a maximal or minimal transfer, which is obtained by careful tun-
ing of the phase of the ring relative to the MZI. The local maxima in the 
stopband occur at the frequency where the slope of the phase difference is 
zero. There is a rapid transition in the transfer from passband to stopband, 
because the ring is in resonance, which results in a fast phase change. 
 
Fig. 9.20. Intensity transfer, phase of each arm (with respect to the short arm without 
ring), and the phase difference of a lossless correctly tuned MZI + ring filter with per-
fect 3 dB couplers, and φtr = π 
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9.4  Group Delay and Dispersion 
Dispersion is a measure of linearity of the phase response with respect to 
the frequency. The group delay is the local slope of the phase response 
curve, i. e., the slope of the phase at the frequency being evaluated. A fil-
ter’s group delay or envelope delay is defined as the negative derivative of 
the phase response with respect to angular frequency ω as follows [30]: 
 ( ) ( )d dg
ϕ ωτ ω ω= −  (9.43) 
If ϕ is in radians and ω is in radians per second, then the absolute group 
delay is given in seconds. For a sequence of discrete signals, each stage 
has a delay that is an integer multiple of a unit delay, τ0. If the angular 
frequency is normalised to τ0 such that ω' = ωτ0, then the normalised group 
delay τg′ is given in number of unit delays τ0, leading [27] to: 
 0g gτ τ τ ′=  (9.44) 
with a normalised group delay 
 ( ) ( )
ie
d d
arg( ( ))d dg z
H z ω
ϕ ωτ ω ω ω ′=
′′ ′ = − = −′ ′  (9.45) 
The filter dispersion is the derivative of the group delay. For normalised 
frequency f ′ = fτ, the normalised dispersion D′ is [27] 
 
d d
2d d
g gD
f
τ τπ ω
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and the filter dispersion D in absolute units [s/m] is [27] 
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  ′= = −     (9.47) 
In comparison, for optical fibres the dispersion Df is typically defined as 
the derivative of the group delay with respect to wavelength λ and normal-
ised with respect to length L [27] 
 
d1
d
g
fD L
τ
λ=  (9.48) 
Practical units for Df are [ps/(nm⋅km)]. 
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9.4.1  MZI Group Delay and Dispersion 
The normalised group delay of the non-ideal MZI with identical direc-
tional couplers can be calculated from (9.33) and (9.45) 
 ( )
( )
( )
2 2
2 2
2 4
2 4
cos
1 2 cos
g
C C
S S
C C
S S
ω
τ ω
ω
 ′−  ′ ′ =
′− +
 (9.49) 
Figure 9.21a shows the normalised group delay of the MZI for different 
coupling constants. Note that the ideal MZI (κ = 0.5 → C = S) has 
a constant group delay and thus no dispersion. Figure 9.21b shows the 
normalised dispersion of the MZI. Note that the dispersion sweep is in the 
stopband region and that dispersion is low in the passband region. 
The group delay and dispersion go to infinity, as κ goes to 0.5. This is 
possible since this is in the stopband region and the intensity transfer goes 
to zero. 
   
(a)   (b) 
Fig. 9.21. Bar transmission of the MZI for various coupling constants. (a) Group de-
lay. (b) Dispersion 
9.4.2  Third- and Fifth-Order Lattice Filter 
Group Delay and Dispersion 
The dispersion for the 3rd order interleaver is non-zero as shown in 
Fig. 9.22a, in contrast to the ideal MZI. There is a frequency-dependent 
group delay having a minimum at the centre of the passband, resulting in 
a zero of the dispersion. The minimum normalised dispersion is –2.6, 
which is equivalent to 1.9 km of standard single mode fibre for a 100 GHz 
FSR filter. For the 5th order interleaver, Fig. 9.22b, the dispersion goes to 
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infinity when reaching the stopband, which is not interesting since the 
intensity is low. The minimum normalised dispersion is –5.9, which is 
equivalent to 4.3 km of standard single mode fibre for a 100 GHz FSR 
filter. 
9.4.3  MZI + Ring Group Delay and Dispersion 
Figure 9.23 shows the overall phase, delay, and dispersion of the bar trans-
fer H11(z) of the MZI + ring filter. The normalised dispersion is zero at the 
centre of the passband and goes from negative to positive in the passband 
region. The extremes are –22 and +22 at a normalised frequency of 0.29 
and 0.71, respectively. The transfer is –0.5 dB at these points. The disper-
sion of the filter does not depend on the chosen input and output ports. It 
will always give the same dispersion curve. So the dispersion will always 
be doubled when two MZI + ring interleavers are cascaded. 
 
Fig. 9.22. Normalised group delay and normalised dispersion of bar response of mini-
mum phase 3rd and 5th order filters. (a) 3rd order 2-stage filter; the minimum and maxi-
mum dispersion are –2.6 and 2.6, respectively. (b) 5th order 3-stage interleaver; the 
minimum and maximum dispersion are –5.9 and 5.9, respectively 
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Fig. 9.23. Phase, normalised delay, and normalised dispersion of the cross transfer of 
MZI + ring filter 
9.5  Cascaded Interleavers 
As indicated in the introduction, interleavers can be used as building 
blocks to form more complicated optical functions. One way of cascading 
interleavers has been extensively discussed in Sect. 9.3.1. In this lattice 
architecture, the overall cascade had the same basic functionality as a sin-
gle interleaver, but its transfer function was strongly improved. 
One way of extending the functionality is to build a cascade based on 
a binary tree architecture as shown in Fig. 9.4. Full demultiplexing of N 
channels requires N-1 slicers. Therefore, optical integration technology is 
essential for economic fabrication of such composite devices, as pioneered 
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by Verbeek et al. [4] and further developed by NTT, e. g. [39]. Compared to 
other multiplexers, for example the arrayed waveguide grating (AWG, see 
Chap. 4), this architecture does not seem to scale very well with the number 
of multiplexed optical channels. However, it offers a large degree of flexi-
bility for engineering the transfer function, e. g. [23, 24], and especially for 
(fine-)tuning to individual channels and reconfiguring the assignment of 
optical signal channels to the output ports. The signals at the two output 
ports of an MZI interleaver are swapped by introducing a π phase shift in 
one of the MZI branches. Since this can be done for each of the slicers in 
the binary tree, each wavelength channel can be routed to each of the out-
put ports, and many – but by no means all – channel permutations can thus 
be obtained. In this way, a binary tree slicer arrangement combines the 
functionality of optical frequency (de)multiplexing with switching, which 
may make it an efficient architecture for a number of wavelength routing 
applications. 
If full demultiplexing is not required, for example for dropping a single 
channel from a multiplexed signal, a partial binary tree may be used. Only 
log2 N slicers are required if the unwanted channels can be discarded. If the 
other channels should be kept, the partially demultiplexed signal must be 
remultiplexed using another identical partial binary tree. An example of 
a 1 from 8 add-drop multiplexer using this principle is shown in Fig. 9.5. 
The add-function comes “for free” with the drop function if a 2 × 2 inter-
leaver is applied for the deepest stage, and a total of 2 log2 N – 1 slicers is 
needed. 
It is worth noting that the “quality” of the transfer function is not neces-
sarily equal for each of the slicers in a cascade. The most critical stage is 
the first one, which has the smallest free spectral range (FSR), since its 
function is to separate adjacent channels. Its properties mainly determine 
the flatness and width of the passband and the adjacent channel isolation of 
the composite device. A lower order lattice filter can be used for the fol-
lowing stages, since the channel width will be a smaller fraction of the 
FSR of those stages. The principle is shown in Fig. 9.24. 
The isolation of the drop channel with respect to the add channel de-
serves special attention, because these channels – separated by only a sin-
gle large-FSR slicer in the configuration of Fig. 9.5 – have the same nomi-
nal frequency, and the level of the locally generated add signal may be 
relatively high. This may cause strong interference products within the 
bandwidth of the detection system (in-band crosstalk). The potential prob-
lem arising from this is elegantly solved by adopting an add-after-drop 
configuration at the expense of a single additional slicer, one of the “D” 
blocks, as illustrated in Fig. 9.25. 
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Fig. 9.24. Transfer functions of different lattice filters. (a) Single-stage MZI. (b) Two-
stage (third order). (c) Three-stage (fifth order). The ratios of the free spectral ranges 
of the slicers are 4:2:1 for slicers a, b, and c, respectively. (d) Transfer function from 
the input to one of the outputs of the binary tree cascade of these three interleavers 
 
Fig. 9.25. Schematic drawing of 1 from 16 add-drop multiplexer with add-after-drop 
functionality for a 200 GHz channel spacing. FSR ratios are 1:2:4:8 for A:B:C:D-type 
slicers respectively. For obtaining a 25 dB isolation over > 85 GHz stopband, A-type 
slicers were chosen to have 3 stages, B-type 2 stages, and C and D-types 1 stage [5] 
An example of the lay-out of a thermo-optically tuneable 1 from 16 add-
after-drop multiplexer, based on partial binary trees of different order lat-
tice filters, and designed to select channels on a 200 GHz ITU grid in the 
C-band, is given in Fig. 9.26. The device was fabricated using silicon 
oxynitride technology [40, 41]. Its in-to-drop and in-to-out characteristics 
when tuned to a given channel are shown in Fig. 9.27. 
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Fig. 9.26. Lay-out of a tuneable 1 from 16 add-drop multiplexer using the architecture 
shown in Fig. 9.25 [5]. The optical circuit has been folded about the vertical centre 
line. The locations of A, B, C, and D type slicers are indicated. Metal connections of 
the heaters used for thermo-optically tuning the individual delay sections are also 
shown 
 
Fig. 9.27. Measured transfer functions: in-to-drop (a) and in-to-out (b) of the multi-
plexer shown in Fig. 9.26. The grey vertical bars indicate channels of the 200 GHz ITU 
grid for which the filter was designed. Measurements were done with unpolarised light 
In Sect. 9.3.2 the combination of an MZI with a ring resonator has been 
discussed. A different kind of such a combination, placing the ring outside 
the MZI (in fact just cascading ring and MZI) has been proposed by 
Vázquez et al. [42]. They introduce gain into the ring, leading to a strongly 
peaked transmission spectrum instead of the allpass characteristic de-
scribed in Sect. 9.3.2. This might make the applicability of their configura-
tion as an interleaver or demultiplexer in WDM systems questionable. 
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9.6  Realisations of Interleavers in various 
Fabrication Technologies 
As stated in the introduction, interleavers can be built from any type of 
wavelength filter having a periodic frequency response. This section aims 
at giving a flavour of recent realisations of interleavers based on different 
operating principles and using different technologies. 
9.6.1  Bulk and Fibre Optics 
Although this chapter focuses on integrated optical realisations of inter-
leavers, most commercially available devices at the time of writing are 
based on bulk optics. 
Lattice Filters 
The implementations, based on birefringent crystals, that are equivalent to 
MZI lattice filters have been known for a long time as Lyot [43] or Solc 
[44] filters. Many different variations of the basic principle have been real-
ised [1]. In such filters (see Fig. 9.28), which found their early applications 
mainly in astronomic instruments, the two fundamental polarisations in the 
crystals, the ordinary (o) and extraordinary (e) waves, experience a differ-
ent refractive index (ne – no = ∆n), and hence a frequency-dependent phase 
difference ∆ϕ given by 
 
2 f n L
c
πϕ∆ = ∆  (9.50) 
where L is the length of the crystal. Equation (9.50) is very similar to (9.2). 
The angular offset between the optic axes of consecutive crystals causes 
a mixing of the o- and e-waves from one crystal to the next, just as the 
directional couplers do between consecutive delay sections in an MZI lat-
tice filter. Instead of rotating the crystals, half-waveplates may be located 
in between the aligned crystals. The device of Fig. 9.28 works only with 
a single input polarisation, but, exploiting the complementary mixing pro-
perties of orthogonal polarisations in a configuration as shown in Fig. 9.29, 
polarisation-independent operation can be obtained [45]. 
Instead of birefringent crystals, also artificial birefringent units can be 
used, consisting of polarisation beam splitters providing two different 
propagation paths (through different isotropic materials, e. g. glass blocks) 
for the two orthogonal polarisations, as illustrated in Fig. 9.30 [46]. 
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Fig. 9.28. Principle of a lattice filter based on birefringent crystals. Due to the refrac-
tive index difference for the ordinary (o) and extraordinary (e) waves, each crystal 
produces a differential delay of the fundamental polarisation components. The angular 
offsets between consecutive crystal’s optic axes determine the coupling between the 
o and e waves from one crystal to the next. P: polarizer, C: crystal. After [47] 
 
Fig. 9.29. Polarisation-independent birefringent crystal lattice filter using polarisation 
diversity. M: mirror; PBS: polarisation beam splitter; Ci: crystal i. After [45] 
The same authors designed an electro-optically tuned interleaver as 
a variation of the structure of Fig. 9.30, where one of the blocks has been 
replaced by an electro-optic lithium niobate crystal. It requires about 4 kV 
for tuning over its free spectral range [48]. 
Since the crystals or the glass blocks will usually need to be many thou-
sands of wavelengths long, the effects of thermal expansion can be severe. 
Compensation of thermal drift can be obtained by applying carefully 
matched combinations of different crystals. Although lattice-type filters 
can be designed to have zero dispersion (see Sect. 9.4), it has also been 
proposed to use matched interleavers as multiplexers and demultiplexers, 
respectively, one having positive and the other negative group delay. An 
interleaver that can be changed to have positive or negative group delay by 
moving a half-waveplate to a different position is shown in Fig. 9.31 [49]. 
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Fig. 9.30. Differential delay unit using “artificial” birefringence by providing separate 
propagation paths for the orthogonal polarisations through two blocks of different 
materials, after [46]. PBS: birefringent walk-off crystal serving as polarising beam-
splitter; H: half-waveplate rotating the polarisation by 90 degrees 
 
Fig. 9.31. Interleaver with selectable positive or negative group delay, after [49]. Se-
lection is done by moving the input half-waveplate from the o-beam to the e-beam. W-
PBS: walk-off polarising beamsplitter; PBS: polarising beamsplitter; H: half-
waveplate; C1, C2 temperature-compensating birefringent crystals 
Michelson–Gires–Tournois Interferometers 
The equivalent of a ring resonator is the Fabry–Perot resonator in bulk 
optics. A Fabry–Perot resonator with one 100% mirror, which can only be 
used in reflection, is known as a Gires–Tournois resonator (GTR) [50], see 
also Chap. 6, Sect. 6.3.3. It acts as an allpass reflection filter having a peri-
odic and strongly nonlinear phase response, just as the ring resonator cou-
pled to a single waveguide does in transmission (Fig. 9.19). 
Then, the bulk equivalent of the Mach–Zehnder interferometer with 
a ring resonator coupled to one of its branches is the Michelson interfer-
ometer (MI), where one or two of the mirrors of the MI are replaced by 
a GTR, thus forming a so-called Michelson–Gires–Tournois interferome-
ter, see Fig. 9.32 and refs. [51, 52]. If both MI mirrors are replaced by 
GTR’s, a more rectangular-shaped passband can be obtained [53]. Al-
though one of the interleaver output signals will be back reflected, it can 
be separated from the input signal by tilting some of the mirrors. More 
complicated designs and several references to the patent literature can be 
found in [1]. 
A fibre analogue of a Michelson–Gires–Tournois interferometer has 
been demonstrated in [54]. 
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Fig. 9.32. Michelson–Gires–Tournois interferometer filter, after [52]. The back re-
flected light has a frequency response that is complementary to that of the transmitted 
light, and the input signal will appear frequency interleaved at the reflection and trans-
mission port of the device 
Fabry–Perot Resonator Arrays 
Fabry–Perot (FP) resonators are discussed in Chap. 6. By arranging a num-
ber of such resonators in series, while carefully choosing the mirror reflec-
tances, the rectangular-shaped transfer function that is desirable for inter-
leaver operation can be well approximated, see the configuration of 
Fig. 9.33 [55]. 
This technique is not limited to conventional bulk FP etalons, but it can 
also be applied to the design of thin-film filters [56]. 
 
Fig. 9.33. Interleaver based on Fabry–Perot resonator arrays using a circulator for 
separating input and reflected output, after [55]. Outputs 1 and 2 are complementary, 
producing frequency-interleaved signals 
Fibre-based Interleavers 
Fibre Bragg gratings (FBG’s) are very suitable for fabricating high-quality 
filter elements, see Chap. 5. Interleavers can be built by combining several 
equidistantly tuned FBG’s, see e. g. [57]. The principle is shown in Fig. 9.34. 
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Fig. 9.34. Array of fibre Bragg gratings (FBG) [57] 
As in Fig. 9.33, the reflected output can be separated from the input by 
using a circulator. A related technology is engineering a fibre Bragg grat-
ing in such a way, by sampling and chirping, that it reflects multiple chan-
nels [25, 58], which can be selected to provide interleaver functionality. 
This technique has been taken further by combining the fibre Bragg grat-
ing based FP resonators with a fibre MZI interleaver [59]. 
Besides the fibre Bragg-grating technology mentioned above, lattice-
type fibre MZI interleavers have been realised. Due to the relatively long 
fibre length of the branches – almost inevitable because of handling con-
straints –, inaccuracies of cutting fibre lengths, and thermal drift, tuning 
facilities and active stabilisation circuits are generally needed. An interest-
ing approach using a reference light source with a wavelength outside the 
regular transmission band is shown in Fig. 9.35 [60, 61]. Other variations 
include a reflective fibre MZI using a loop mirror or a fibre Bragg grating 
[62], and a configuration using highly birefringent fibres [63]. Li et al. [64] 
exploited the interference between two modes in an 8 cm section of two-
moded fibre for obtaining a compact thermally tuneable MZI-like filter 
with 1.72 nm FSR. 
A 3 × 3 (or 1 × 3) interleaver based on three-arm fibre MZI filters, using 
symmetric 3 × 3 fused fibre directional couplers was investigated by Wang 
et al. [65]. Fewer of such filters would need to be cascaded for separating 
a given number of channels, compared to 2 × 2 interleavers. A 100/300 GHz 
interleaver with 40 GHz passband width at the −0.5 dB level has been dem-
onstrated. The same authors propose a three-armed MZI with allpass ring-
resonators coupled to each of the arms [66]. They show the design of 
 
Fig. 9.35. Fibre MZI, stabilized using a reference light source. The filter can be tuned 
by changing the reference wavelength. DFB LD: distributed feedback laser diode, 
3 dB: 3 dB-directional coupler, PM: phase modulator (piezoelectric microstretcher), 
PC: polarisation controller, FS: fibre stretcher (mm range), WDM: coarse wavelength 
division multiplexing fibre coupler [61] 
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a 100/300 GHz 3 × 3 interleaver with a 85 GHz passband width. However, 
the transmission curves of adjacent channels overlap somewhat in the tran-
sition region. 
A binary tree cascade of fibre MZI’s resulting in a 16-channel demulti-
plexer with 100 GHz channel spacing has also been demonstrated [67]. 
9.6.2  Planar Optical Waveguide Interleavers 
Most work on interleaver filters in planar technology has been done in 
silica-based waveguide systems, especially by AT&T/Lucent [4, 33, 15, 
21, 68, 69] and NTT [70, 7, 3, 71, 2], but also others [72]. Temperature de-
pendence in such filters can be compensated by introducing short grooves 
filled with a material having a thermo-optic coefficient of the opposite sign 
as that of silica [73]. A clear trend in this technology is towards higher 
refractive index contrast in order to allow for smaller bend radii and hence 
more compact designs, as illustrated by the interleaver described in [74]. 
Stronger refractive index contrast can be obtained by using different ma-
terials, e. g. silicon oxynitride (SiON) [40, 41]. This technology has been 
used by IBM and the University of Twente for fabricating resonant-
coupler based filters, and binary tree cascaded interleavers [75–77, 5]. 
Still higher contrasts are possible with semiconductor materials like 
GaAs [78] or silicon [79]. Although these materials certainly allow for 
more compact designs, they also put high demands on etching process 
quality because roughness will cause strong scattering loss due to the high 
contrast. Also, fibre-chip coupling becomes increasingly difficult as con-
trast increases. 
Polymers can be attractive for these applications [80, 81] because of their 
simple processing compared to the inorganic materials mentioned before, 
and hence possibly lower cost. Also, they generally have an order of magni-
tude larger thermo-optic coefficient so that tuning power requirements can be 
lower. These materials may however have problems with long-term stability. 
Lithium niobate is an attractive material because of its electro-optic prop-
erties and mature technology. Filters fabricated in this technology are often 
based on frequency-selective mode conversion, e. g. [82]. Electro-optically 
tuneable interleavers based on this principle are described in [83], Fig. 9.36. 
Cusmai et al. [84] proposed a device based on a three-arm MZI, using 
three-way directional couplers instead of the usual 2 × 2 devices. Different 
from the device reported in [65], the power coupling ratio of the direc-
tional couplers is not 1:1:1 here. The device and its equivalent built from 
2 × 2 MZI’s are shown in Fig. 9.37. The 2 × 2 cascade may have the advan-
tage that a better isolation can be obtained for a given fabrication accuracy. 
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Fig. 9.36. Electro-optically tuneable lithium niobate interleaver [83]. The strain-
inducing strips produce an off-diagonal element in the refractive index tensor leading 
to TE-TM mode conversion. The frequencies at which the phase matching condition 
for efficient mode conversion occurs is tuned by a voltage on the electrodes, changing 
the birefringence of the lithium niobate crystal 
  
 (a)  (b) 
Fig. 9.37. (a) Three-arm MZI, and (b) its equivalent built from conventional two-arm 
MZI’s (after [84]). The 3-way directional coupler is designed to have a 50:0:50 power 
splitting ratio from the central input channel to the respective output channels and 
a 25:50:25 ratio when excited at one of the outside channels. In normal operation, the 
3-arm MZI is applied as a 2 × 2 device, using only the outside input (1 and 3) and 
output ports (4 and 6) 
    
   (a)      (b) 
Fig. 9.38. Multiple-branch MZI interleavers (MMI: multi-mode interferometer). 
(a) Basic periodic 4 × 4 demultiplexer; for (1 × 4) interleaver functionality only a single 
input is used. (b) Improved transfer function by adding nonlinear phase shifters (ring 
resonators) to each branch (after [87]) 
As can be inferred from the equivalent circuit, the 3-arm MZI has the 
squared response of a single 2-arm MZI, thus providing a limited degree of 
passband flattening and stopband broadening. Compared to the 2-arm 
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MZI, it also has reduced sensitivity to fabrication errors affecting the split-
ting ratio of the couplers. It should be noted that another approach by 
Oguma et al. [71] provides a method for obtaining highly accurate splitting 
ratios using a composition of inaccurate couplers and delay-lines. 
Generalised multiple-branch MZI’s have been introduced before, where 
multi-mode interferometers (MMI’s) act as multi-port couplers (Fig. 9.38 
(a)), e. g. van Dam et al. [85] and Lierstuen and Sudbø [86]. This type of 
device, shown in Fig. 9.38 for 4 input  ×  4 output ports, can be generalised 
to N × N ports, and bears a strong similarity with the arrayed waveguide 
gratings (AWG’s) that have been discussed in Chap. 4. MMI-based devices 
may be designed to have smaller insertion loss than AWG’s, but they have 
fewer degrees of freedom for optimisation of the transfer functions. The 
concept was further optimised for passband flattening by Madsen [87], by 
introducing nonlinear phase shifters in each of the MZI branches 
(Fig. 9.38b), similar to the MZI + ring discussed in Sect. 9.3.2. Xiao and He 
recently discussed cross-talk reduction of MMI-based demultiplexers by 
cascading each of the output channels with a 1 × 1 multiple-branch MZI 
interferometer (consisting of a cascade of a 1 × M and an M × 1 MMI, inter-
connected by M waveguides providing the appropriate phase shifts) acting 
as a band-pass filter. They also modelled a 1 × 16 demultiplexer built from 
a binary-tree-type cascade of 1 × 4 interleavers [88]. 
In Sect. 9.1 the application of an interleaver for reducing the channel 
spacing and improving the passband shape of an AWG router by Oguma 
et al. [3] has already been mentioned. Although it is not an interleaver ap-
plication in the strict sense, it is worth mentioning that Doerr et al. [68, 69] 
demonstrated significant passband flattening of an AWG by directly con-
necting the two output channels of the 3 dB output coupler of a single-
stage MZI periodic filter to the AWG input coupler. The field distribution 
at the combined MZI output channels shifts periodically with frequency. 
If the FSR of the MZI is equal to the AWG channel spacing, the combi-
nation of the Gaussian imaging properties of a basic AWG with the peri-
odic shift of its input field leads to a passband-flattened overall response. 
Photonic crystals [89] are an emerging technology for integrated optics. 
They promise extremely compact optical circuits, and their strong disper-
sive properties make them interesting for designing optical filters. As yet, 
the technology is still immature, the main problems being the optical loss 
and the fabrication accuracy of the sub-micron features of these structures. 
Fig. 9.39 shows a proposed interleaver which operates like an extremely 
compact two-mode interference device [90, 91]. 
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Fig. 9.39. Two coupled waveguides in a photonic crystal form a two-mode interfer-
ometer acting as an interleaver [90] 
9.6.3  Some Commercially Available Interleavers 
As can be seen from the references in the preceding sections, several large 
companies such as NTT, Lucent and IBM have investigated interleaver 
technologies. However, although these results may have been applied in 
proprietary systems, these companies do not seem to have marketed such 
interleavers as separately available products. Also, several interleaver pat-
ents have been assigned to other companies that do not seem to be active 
in this market; see e. g. the references in [1]. Most of the commercially 
available interleavers that were visible on the Internet in the period of June 
2004 to May 2005 are represented in Table 9.1. More details about the 
suppliers and model designations are given in Table 9.2. 
Most manufacturers do not supply detailed information on the technol-
ogy that is used; no data was available on the specific designs. A distin-
guishing feature of these interleavers is the width of the passband that 
ranges from 25 to 68 % of the free spectral range. 
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9.7  Outlook 
Interleaver technology provides a route towards a cost-effective increase of 
bandwidth utilisation of optical fibre communication links. They can be 
used as add-on components for upgrading existing systems as well as for 
building blocks in innovative wavelength routers and multiplexers with 
a high channel count. 
Although much effort has been devoted to optimising interleavers in 
bulk-type technologies, which has given rise to highly sophisticated de-
vices, most progress is to be expected from planar waveguide technologies 
with their inherent potential for integration. This integration will enable the 
realisation of large cascades of interleavers, each of which may consist of 
many stages. Such composite devices allow the elimination of many fibre 
connections, thus promising increasing functionality, improved reliability 
and reduced insertion loss in a small package. In order to accommodate the 
desired functionality on a limited chip area, there is a clear trend towards 
increasing the integration density by using stronger refractive index con-
trast. This high contrast enables emerging VLSI photonics technologies 
like micro ring resonator arrays and photonic crystals. Planar technology 
also provides the potential for low-voltage and low-power electrical tune-
ability of the interleavers, using thermo-optic or electro-optic effects. 
It should be emphasized that the resonant coupler approach, possibly in 
combination with ring-resonator based allpass filters, which has been 
shown in Sect. 9.3 for interleaver design, has a much wider applicability to 
filter design. For example, (gain) equalisers, dispersion compensators, and 
deconvolution filters may be designed using a very similar approach and 
may be realised in the same technology, thus leading to a cross-fertilisation 
among these fields. 
If hitherto largely unused wavelength ranges in optical fibre communi-
cations (e. g. the range between the 1300 and 1500 nm windows) will be 
opened up, this will have a strong effect on the requirements for future 
interleaver technology. Depending on available optical amplifiers, a strong 
need may arise for banded interleavers (see Fig. 9.2c) having a very sharp 
roll-off characteristic, that can separate adjacent groups of wavelength 
channels. Alternatively, interleavers may be desired that operate in an ex-
tremely wide wavelength range of 1250 – 1650 nm, separating more than 
1000 channels. Such extreme requirements will really stress both fabrica-
tion technology and device design. 
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